The topologically nontrivial solution in Einstein-Dirac gravity with cosmological constant is obtained. The spacetime has the Hopf bundle as a spatial section. It is shown that the Hopf invariant is related to the spinor current density. Two Dirac spinors are used for obtaining a diagonal energy-momentum tensor. The solutions for the nongravitating Dirac equation on the background of Lorentzian spacetime with the Hopf bundle as a spatial section are also obtained. Nongravitating solutions of the Dirac equation are defined by two quantum half-integer numbers m, n.
I. INTRODUCTION
In general relativity, there are a lot of solutions with gravitating fundamental fields: scalar, electromagnetic, and non-Abelian fields. However, very little is known about solutions in Einstein-Dirac gravity. For example, we do not know any asymptotically flat solution with a gravitating spinor field. Perhaps the problem here is related to the fact that the spinor field has a spin. This has the result that the energy-momentum tensor for a spinor field has nondiagonal components and not only T tϕ , as it happens for the Kerr metric.
Gravitating spinors with nonlinear self-interactions are well investigated in cosmology [1] - [5] . These papers study the role of a spinor field in considering the evolution of the anisotropic Universe described by the Bianchi type VI, VI 0 , V, III, I, or isotropic Friedmann-Robertson-Walker (FRW) models. In Refs. [6] and [7] models of the Universe with tachyonic and fermionic fields interacting through a Yukawa-type potential are investigated. In Ref. [8] a class of exact cosmological solutions with a neutral scalar field and a Majorana fermion field is found. A Dirac spinor in D = 3 dimensions coupled to topologically massive gravity is investigated in [9] . In Ref. [10] a mechanism where quantum oscillations of the Dirac wave functions can prevent the formation of the big bang or big crunch singularity is analysed.
A simpler problem is the problem of looking for solutions on the background of a curved spacetime. In the textbook [11] Dirac's equation on the background of Kerr geometry is considered. In Ref. [12] topologically trivial solutions for the Dirac equation on a 3D sphere S 3 are obtained. Here we will consider two topologically nontrivial Dirac spinors coupled to Einstein gravity with the cosmological constant. 3D section of the spacetime metric is a Hopf bundle. The topological nontriviality means that the current of a spinor field is connected with the Hopf invariant. We consider two Dirac spinors. The energy-momentum tensor for every spinor field has nondiagonal components that is related to the fact that the spinor has the spin. For our choice of spinors the total energy-momentum tensor will have diagonal components only.
We will also investigate the nongravitating Dirac equation. Some special solutions will be found for the case when a Dirac spinor can be decoupled on Weyl spinors (this is the case when the mass of a spinor is zero, m = 0). Numerical solution for non-zero mass m = 0 will be also presented.
II. EINSTEIN-DIRAC GRAVITY
Einstein-Dirac equations for two gravitating spinors field ψ 1,2 are
Here Latin letters a, b = 0, 1, 2, 3 are related to vielbein indices; Greece letters µ = 0, 1, 2, 3 are spacetime indices;
is the spinor covariant derivative; ω abµ is the spin connection; the energy-momentum tensors for two spinor fields ψ 1,2 are
The spin connection ω abµ , the Ricci coefficients ∆ αβγ , the anholonomy coefficients Σ a µν are defined as (here we follow the textbook [13] )
Dirac matrices γ a in flat space are
where σ j are the Pauli matrices
III. THE SOLUTION
We seek the solution of the Einstein-Dirac equations (1) and (2) in the following form:
where the space metric
is the metric on the Hopf bundle, and r is the radius of 3D sphere. The Hopf bundle can be presented as a S 3 sphere with topological mapping S 3 → S 2 , where the fibre S 1 is spanned on the coordinate ψ, and the metric on the base of bundle S 2 is dl 2 = (r/2) 2 dθ 2 + sin 2 θdϕ 2 . In order to calculate all these quantities, we have to define tetrads e 
A. Dirac equations on the Hopf bundle
The spinors (11) may transform under the rotation at an angle 2π as follows:
Taking
where N is an integer. After substitution the Ansatz (11) into the Dirac equation (2), we have
where, for brevity, we have omitted the index: Ω = Ω 1 , m, n = m 1 , n 1 ; Ω = rΩ and µ = rμ. For Σ 1,2,3,4 we also have the same equations. Some special solutions for this set of equations are presented in Appendixes A and B.
B. Energy-momentum tensor for massless spinor fields, m = 0
In order to solve the Einstein-Dirac equations (1) and (2), we will use the following Ans[>e for the spinors ψ 1,2 : 
HereΘ 1,2 are constants.
C. The solution of the Einstein-Dirac equations
Einstein tensor G ab = R ab − (1/2)η ab R for the tetrad (13) is
In order to have the same structure on the right-hand side of the Einstein equations [as in (25)], we have to use the sum of energy-momentum tensors from (21) and (22). In this case the Einstein equations will be
hereΘ =Θ 1,2 and l P l is the Planck length. The solution of these equations in dimensionless form is Θl 3/2 P l = 1 32π here Λ obs is observed value of the cosmological constant. Finally, the solution of the Einstein-Dirac equations (1) and (2) is
withΘ, ǫ from (28) and (29), and r is the radius of a 3D sphere that is the total space of the Hopf bundle.
D. Current and the Hopf invariant
The covariant current for the spinor ψ 1 is
Calculations with the spinor (11) give us
Similar result can be obtained for the spinor ψ 2 by changing Θ → Σ. For the solution (32), we have
The Hopf bundle with the metric (12) has the Hopf invariant defined as
where Υ is some 1-form which can be related to the spatial part of the covariant current (36), and V = sin θdχdθdϕ is the volume of a S 3 sphere of unit radius. We construct the 1-form Υ from the spatial part of the current (36):
where i = χ, θ, ϕ. Substitution of Υ into (37) gives us
We see that the topological nontriviality of the solution (32) is connected with the Hopf invariant (39).
E. Comparison with the Taub-NUT and Friedman solutions
Let us compare the solution (31)-(33) with the Taub-NUT solution
where m, l are constants and
The Taub-NUT metric describes an empty spacetime with a nontrivial topology: the spatial section is a 3D sphere S 3 that is the total space of the Hopf bundle. 2D space with the metric dθ 2 + sin 2 θdφ 2 is the metric on the base of the bundle and the coordinate χ is spanned on the fibre S 1 . We can interpret the solution (28), (29), (31)- (33) as the Taub-NUT spacetime filled with the spinor fields ψ 1,2 satisfying the Dirac equations (2) . Physically, this means that the empty nontrivial Taub-NUT spacetime with the Hopf bundle as the spatial section has a nontrivial evolution in time. But if we fill the spacetime with two spinors ψ 1,2 and cosmological constant then the spacetime becomes static.
The FRW metric is
where dS 2 3 is the metric on a 3D sphere S 3 . dS 2 3 can be written in the standard way dS
or as the metric (12) on the Hopf bundle. The metric (42) describes a Friedman Universe filled with matter. The Universe is not static and evolves from an initial singularity to the maximum size and then to the final singularity. As we see from the solution (28), (29), (31)-(33), if the Friedman Universe will be filled with two spinor fields ψ 1,2 instead the matter plus the cosmological constant then the Universe becomes static without any evolution in time.
IV. DISCUSSION AND CONCLUSIONS
We have considered Einstein-Dirac gravity with cosmological constant and obtained topologically nontrivial solution for two gravitating Dirac spinors. We have used two spinors and some special choice of quantum numbers m, n in order to obtain a diagonal energy-momentum tensor. The diagonal energy-momentum tensor allows us to derive the required solution, which:
• is not asymptotically flat;
• has no any event horizon;
• is topologically nontrivial since it is defined on the Hopf bundle and the Hopf invariant is related to the current of the spinor field;
• cannot describe any quantum particle because of nonlinearity of the Einstein-Dirac equations: the spinor cannot be normalized on unity;
• can be regarded as the Taub-NUT spacetime filled with the spinor field + Λ;
• can be regarded as a Friedman Universe filled with two spinor fields (instead of matter) without time evolution.
